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Abstract. We use group homology to define invariants in algebraic 
K-theory and in an analogue of the Bloch group for Q-rank one lattices 
and for some other geometric structures. We also show that the Bloch 
invariants of CR structures and of fiag structures can be recovered by a 
fundamental class construction. 
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1. Introduction 

Fundamental class constructions and Bloch invariants are by now a clas- 
sical theme in the topological study of hyperbolic 3-manifolds, going back to 
the work of Dupont and Sah on scissors congruences and more recently the 
work of Neumann, Yang and Zickert on Bloch invariants. For a hyperbolic 
3-manifold M = r\E['^ with F C PSL(2, C) one can on the one hand consider 
its PSL(2, C)-fundamental class [M]psL(2,c)5 that is the image of the fun- 
damental class [M] € H-i (M) ^ i?3(F) in' i?3(PSL(2, C)), and on the other 
hand one can use ideal triangulations or more generally degree one ideal 
triangulations to define an invariant /3(M) in the Bloch group B{C). In [26] 
it was shown that one can recover the volume and the Chern-Simons invari- 
ant mod Q from /3(Af). (In later work Neumann constructed an invariant 
in an extended Bloch group, from which one can recover the Chern-Simons 
invariant mod Z.) 

The approach via ideal triangulations is better suited for doing practical 
calculations, see for example [26]. On the other hand the fundamental class 
approach is useful for theoretical considerations, e.g. to study the behaviour 
of hyperbolic volume under cut and paste in [2;>]. By the Bloch- Wigner 
Theorem (proved in more generality by Dupont-Sah in [12, Appendix A]) 
there is an isomorphism 

H3{FSL{2,C),^) /Torsion ^ B{C), 

and this isomorphism sends [Af]psL(2,c) to /3(M). (One may pictorially 
think of a triangulation whose vertices are moved to infinity to produce an 
ideal triangulation. In some weak sense this picture can be made precise, 
see [22].) In particular the Bloch invariant is determined by the PSL(2,C)- 
fundamental class. 

The construction of the Bloch invariant was generalized to higher-dimensional 
hyperbolic manifolds in [26, Section 8]. On the other hand Goncharov [16, 
Section 2] generalised the fundamental class construction to get - associated 
to an odd-dimensional hyperbolic manifold M'^^~^ and a spinor representa- 
tion S0(2A: — 1,1) — 7> GL(n,C) - an element in ff2fc-i(GL(n, C)) such that 
application of the Borel class recovers (a fixed multiple of) the volume. In 
[16, Section 3] he also used ideal triangulations to construct an extension 
m{M'^^~^) G Ext)^^{Q{Q)] Q{k)) in the category of mixed Tate motives over 

Q and thus an element in if2fc-i(Q) "XiQ according to Beilinson's description 
of K-theory of fields. (In degree 3 one has K^^'^{C) (g) Q = B{C) (g) Q and one 
recovers the Bloch invariant from this ii'-theoretic approach.) 

In [21] the third-named author generalized Goncharov's (first) construc- 
tion to finite-volume locally symmetric spaces of noncompact type M = 
T\G/K which are either closed or of M-rank one. To each representation 
p : G ^ SL(?i,C) the construction yields an element in i7*(SL(n,Q)) or, 
after a suitable projection, an element in 

Pi7,(GL(Q)) ^K,(Q)®Q 
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such that apphcation of the Borel class (to either of the two elements) yields 
a multiple CpVol(M) of the volume Vol (M). The factor Cp depends only on 
p, in particular one can recover the volume if Cp 7^ 0. Moreover, [21, Section 
3] provides a complete list of fundamentals representations p : G ^ SL(n, C) 
with Cp 7^ 0, for example one has Cp 7^ whenever dim (G/K) = 3 mod 4 
and p 7^ id. However, in the noncompact case, the only M-rank one examples 
with Cp 7^ were (odd-dimensional) real-hyperbolic manifolds. 

In this paper we further generalize Goncharov's construction to Q-rank 
one spaces. That means, for a Q-rank one locally symmetric space of non- 
compact type M = T\G/K we construct elements 

7(M) ei7*(SL(n,Q)) 

and 

7(M) e kM)®^ 

such that application of the Borel class yields again CpVol(M). Compare 
Proposition 7.1 and Theorem 7.2 for the precise statements. Thus one can 
get many non-compact non- hyperbolic examples with nontrivial invariants. 

The fundamental class construction shall be useful for deriving general 
results about the relation of topology and volume. For practical computa- 
tions however the Bloch group approach appears to be more feasible, not 
only in 3-dimensional hyperbolic geometry [26] but also in the study of CR- 
structures [14] or flag structures [1]. 

In the 3-dimensional hyperbolic case, Neumann- Yang constructed the 
Bloch invariant [26, Definition 2.5] in the so-called pre-Bloch group V{C) 
and then proved in [26, Theorem 6] that it actually belongs to the Bloch 
group B{C) C P(C). The pre-Bloch group V{C) satisfies a natural isomor- 
phism 

V{C) ^ HsiCid^G/K) ®ZG Z) 

for G/K = SL(2,C)/SU(2) = M^. Thus it is natural to define a Bloch 
invariant of higher-dimensional locally symmetric spaces M'^ = r\G/K (and 
representations p : G SL(n, C)) as an element in 

i?d(a(aooSL(n,C)/SU(n)) »zsL(„,c) 

In [22] this was done for M-rank one symmetric spaces and it was shown 
that the Bloch invariant is the image of the Goncharov invariant 7(-/Vf) 
under a naturally defined evaluation homomorphism which generalizes the 
homomorphism from the Bloch- Wigner Theorem. The construction of the 
generalized Bloch invariant uses proper ideal fundamental cycles since the 
existence of ideal triangulations is unclear in general. The proof of well- 
definedness of the Bloch invariant (i.e. indepencence from the chosen proper 
ideal fundamental cycle, [22, Lemma 3.4.1]) was building on the equality 
Hci{G^{dooG / K)^iy'L) = TL for lattices F C G, which in the M-rank one case 
can be proved by an immediate generalization of the results of Neumann- 
Yang (who proved this equality in [26] for hyperbolic 3-space). However it is 
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unclear how to generalize this argument to the higher rank case. Therefore 
we avoid this point in Section 8 by directly defining the Bloch invariant 

/3(M) G Hd{a{dooSL{n,C)/S\J{n)) ®zsL(n,c) ^) 

for locally symmetric spaces (either closed or of Q-rank one) as the image 
of the Goncharov invariant 7(M) under the evaluation homomorphism. 

In Section 9 we consider a similar construction for convex projective man- 
ifolds. We hope to further exploit this in other papers. 

In Section 10 we prove that also the Bloch invariants of CR structures 
(as defined by Falbel-Wang in [14]) and of flag structures (as defined by 
Bergeron- Falbel-Guilloux in [1]) can be recovered from a fundamental class 
construction. We apply this to prove that these Bloch invariants are pre- 
served under certain cut-and-paste operations. 

2. Basics on Group (co)homology 

2.1. Group homology. For a topological group G, let denote the group 
with discrete topology. Let BG^ denote the simplicial set whose A:-simplices 
are fc-tuples {gi, . . . ,gk) with a natural boundary operator d: 

k~l 

d{gi,---,gk) = {g2,---,gk) + ^(-l)*(5'i, ■ ■ ■ ■ ■ ■ 

i=l 

+ {-!)'' igi,...,gk-i). 

It forms a chain complex Cl^^^{BG^) of BG^ whose homology with a 
coefficient ring R is defined as the group homology 

H,{G, R) = Hl'^^^iBG^ R) = Hf^^^iG^iBG^ ®z R), 9 ® 1). 

Throughout the paper, BG will be understood as BG^ . 

Let M be a Riemannian manifold of nonpositive sectional curvature and 
xq € M, a lift xq M xq be fixed. Any ordered tuple of vertices in 
M determines a unique straight simplex. A singular simplex a E C*(M) is 
straight if some (hence any) lift a € Gf(M) is straight. Let Gl^^'^°{M) be 
the chain complex of straight simplices with all vertices xq. 

Set r = 7ri(Af, xq). Then there are two canonical homomorphisms ^ : 
Cf^P^BT) ^ Cf''""(M) defined by 

^(51, ■■■,9k) = n{str{xo, gixo, 5192^0, • • • , 9i • • • 9kXo)) 

and $ : Cf"'"°(M) ^ Cf™P(5r) defined by 

$(a) = ([a|cJ,...,k|cJ) 

where cq, . . . , are the vertices of the standard simplex A'^, Q is the stan- 
dard sub-l-simplex with dQ = Cj — ei_i, each [(t\q] € 7ri(Af, xq) = F is the 
homotopy class of cr|^. and vr : M — >■ M is the universal covering map of 
M. It is easy to show that ^ and $ are chain isomorphisms inverse to each 
other. 
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The inclusion 

i : Cf '^"(M) C C,(M) 
and the straightening ([21, Section 2.1]) 

str : C^M) ^ '^■^(M) 

are chain homotopy inverses. Hence we have a chain homotopy equivalence, 
called the Eilenberg-MacLane map 

EM : Cf'^PiBT) C^M). 

We will frequently use the induced isomorphism 

EM-^ = o stn ■■ H,{M, Z) ^ Hf'^PiBT, Z). 

The geometric realization \BT\ is a K{T, 1), thus there is a classifying map 
h'^ : M —7- |i?r| which induces an isomorphism on vri level. The inclusion 
map of simplices i : C**™^(-Br) — )• C^{\Br\), induces an isomorphism 

: H'J"''PiBT,Z) ^ H4\BT\,Z) 

such that = o EM^^ if M is aspherical and of the homotopy type 
of a CW complex (which is always the case for Riemannian manifolds of 
nonpositive sectional curvature). 

For a commutative ring A C C with unit, let Gh(A) = U^^GL(n, A) be 
the increasing union, and |i?GL(yl)| its classifying space as above. 

Let /? : r — )• GL(j4) be a representation. This induces Bp : BF — >■ BGL{A) 
and \Bp\ : \BT\ — t- |i?GL(A)|. The composition 

H,{M, Q) ™P(Br, Q) Hf'^^{BGUA),Q) 

induces a map 

(Hp), : H4M,Q) ^ /ff"^f(5GL(A),Q). 

If M is a closed, oriented and connected d-dimensional manifold, {Hp)ci[M] 
will play an important role for us where [M] is the fundamental class in 
Hd{M, Q)=Q- 

2.2. Volume class and Borel class. Let G be a noncompact semisimple, 
connected Lie group. Let X = G/K be the associated symmetric space of 
dimension d with a maximal compact subgroup K of G. Let us denote by 
H*(G,M) the continuous cohomology of G. The comparison map comp : 
H*Ig,R) H*i^p{BG,R) is defined by the cochain map 

comp{f){gi,.. .,gk) = /(l,5i,9i52, • • -,5152 ■ ■ ■ Ok) 

for a G-invariant cochain / : G^~^^ — >■ M. Fix a point x G X. The volume 
class Vd G H^{G,R) is defined by the cocycle 

!^d{go, ■■■,gd) = algvol{str{gQX, . . .,gdx)) := / dvolx, 

J str{gox,...,g^x) 
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where dvolx is the G-invariant Riemannian volume form on X, and str 
is the geodesic straightening of a simplex with those vertices. (That is 
str(gQX, . . . , Qdx) is the unique straight simplex with the given ordered set 
of vertices.) Under the comparison map 

comp{vd){gi, ■■■ ,gd) = algvol{str{x,gix, ...,gi- ■■gdx)). 

Then it is not difficult to show that if = r\X is a closed locally 
symmetric space, with j : T — t- G the inclusion, then 

Vol(iV) = {comp{vd),Bj o EMJ^[N]). 

For a detailed proof of this, see [21, Theorem 1]. 

Let and i be the Lie algebra of G and K respectively. If g = t © p is a 
Cartan decomposition, then the Lie algebra of the compact dual of G is 

Note that the relative Lie algebra cohomology H*{q, t) is the cohomology of 
the complex of G-invariant differential forms on G/K and there is the Van 
Est isomorphism 

J:H*{G,R)^H*{Q,t). 

Let Ig{Gu) and /^(G^) be the space of ad-invariant symmetric and anti- 
symmetric multilinear /c-forms on g^. There are isomorphisms 

^A:lAiGu)^H''{Gu,m, 
and the Chern-Weil isomorphism 

<Ps : IsiGu) ^ H^HbGu,R), 

see for example [8, Section 5]. 

When Gu = U(n) is a unitary group, there is 

TTkiAi,...,Ak) = 7^KkT\ Yl Tr(^,(i)---A,(fc)) 

SO that 

Gfc = $s(TVfc) eif2fc(5U(n),R) 

is the 2/c-th component of the universal Chern character. 

For the fibration Gu — >■ EGu — > BGu and an associated transgression 
map r from a subspace of H'^^~^{Gu,1') to H'^^{BGu,'^)/ker{s), where s is 
the suspension homomorphism [2], there is a homomorphism [9] 

R:ll{Gu)^lf-HGu) 

such that ro$^oi? = tto<^s where vr : H^''{BGu,^) ^ H'^^{BGu,'L)/ker{s). 
Then the Borel class is 

h2k-i = ^A{R{Tvk)) € i?2fc-i(u(n),M) = H^^-\xi{n),W). 

The last equality holds since U(n) is a compact manifold, if*(U(n),M) is 
the de Rham cohomology of U(?i), and by averaging it is isomorphic to the 
cohomology of the complex of U(n)-invariant differential forms on U(n). 
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On the other hands, since (GL(n, C))^ = U(n) x U(n) and via Van Est 
isomorphism 

i^*(GL(n,C),M) = H*{gl{n,C),u{n)) 

= H*{u{n)eu{n),u{n)) = H*{u{n),R) 

we may consider 

62fe_i G/7f-^(GL(n,C),M). 

2.3. Volume for compact locally symmetric manifolds. It is a stan- 
dard fact that for d = dim{G/K), H^{G,R) = M via Van Est isomorphism. 
If r is a uniform lattice in G, then 

H'^{r\G/K,R) ^ H'^{T,R) ^ H^{G,R) ^ R. 

Hence the volume class Vd as defined in Section 2.2 can be viewed as a 
generator of H'^{r,R). 

Proposition 2.1. For a symmetric space G/K of noncompact type with odd 
dimension d = 2m — 1, and a representation p -.T ^ GL(n, C) with a closed 
manifold N = T\G/K, there exists a constant Cp € M such that 

{comp{bd),Hp[N]) =CpYol{N). 

If p : T ^ GL(n, C) factors over a representation po : G —?■ GL(n, C), then 
Cp depends only on pQ. 

Proof. A representation p : T — )■ GL(n, C) induces a homomorphism 

pI : H^iGL{n,C),^) ^ H'^iT,R). 

Since Pc{bd) £ H'^{T,R) = R ■ Vd, there is a constant Cp G M such that 
pl{bd) = CpVd- Hence for a fundamental cycle Ylii=i '^i^i of ^ i 

{comp{bd), Hp[N]) = {comp{bd), Bp o EMJ^[N]) 
= {comp{p*bd),^* o str^,[N]) 
I 

= Cp'^ai{comp{ud),^*{strai)) 

i=l 
I 

= Cp ttj • algvol{strai) 

i=l 

= CpVol(iV) 

We refer the reader to [21, Theorem 2] for the proof of the second claim. □ 

3. Q-RANK 1 LOCALLY SYMMETRIC SPACES 

In this section, we consider only Q-rank 1 lattices T C G. We first collect 
some definitions and results about Q-rank 1 lattices. 
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3.1. Arithmetic lattices. Let G be a noncompact, semisimple Lie group 
with trivial center and no compact factors. Then one may define arithmetic 
lattices in the following way. 

Definition 3.1. A lattice L in G is called arithmetic if there are 

(1) a semisimple algebraic group G C GL(?i,C) defined over Q and 

(2) an isomorphism : G(IR)'^ — )• G 

such that (/?(G(Z) n G(]R)'') and F are commensurable. 

It is well-known due to Margulis [2-5] that all irreducible lattices in higher 
rank Lie groups are arithmetic. The Q-rank of a semisimple algebraic group 
G is defined as the dimension of a maximal Q-split torus of G. For an 
arithmetic lattice F in G, Q-rank(F) is defined by the Q-rank of G where 
G is an algebraic group as in Definition 3.1. 

A closed subgroup P C G defined over Q is called rational parabolic 
subgroup if P contains a maximal, connected solvable subgroup of G. For 
any rational parabolic subgroup P of G, one obtains the rational Langlands 
decomposition of P = P(M): 

P = Np X Ap X Mp, 

where Np is the real locus of the unipotent radical Np of P, Ap is a stable 
lift of the identity component of the real locus of the maximal Q-torus in 
the Levi quotient P/Np and Mp is a stable lift of the real locus of the 
complement of the maximal Q-torus in P /Np . 

Let X = G/K be the associated symmetric space of noncompact type 
with a maximal compact subgroup K of G. Write Xp = Mp / {Ki^Mp). Let 
us denote by r : Mp Xp the canonical projection. Fix a base point xq G 
X whose stabilizer group is K. Then we have an analytic diffeomorphism 

fj, : Np X Ap X Xp —7- X, (n, a, r(m)) — t- nam ■ xq, 

which is called the rational horocyclic decomposition of X. For more detail, 
see [5, Section in.2]. 

3.2. Precise reduction theory. Let g and op denote the Lie algebras of 
the Lie groups G and Ap defined above. Then the adjoint action of ap on 
g gives a root space decomposition: 

= 00 + ^ 0Q, 

ae'I>(g,ap) 

where 

0a = e I ad{A){Z) = a{A)Z for all A G ap}, 

and $(g, ap) consists of those nontrivial characters a such that ga 7^ 0. It is 
known that <I'(g, ap) is a root system. Fix an order on $(g, ap) and denote 
by ^''''(g, ap) the corresponding set of positive roots. Define 

pp = ^ (dimgQ,)a. 

C(e*+(g,ap) 
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Let $"'"''(g,ap) be the set of simple positive roots. 

Since we consider only Q-rank 1 arithmetic lattices, we restrict ourselves 
from now on to the case Q-rank(G) = 1. Then the followings hold: 

(1) All proper rational parabolic subgroups of G are minimal. 

(2) For any proper rational parabolic subgroup P of G, dimAp = 1. 

(3) The set (g, ap) of simple positive Q-roots contains only a single 
element. 

For any proper rational parabolic subgroup P of G and any t > 1, define 

Ap,t = {a e Ap I a{a) > t}, 

where a is the unique root in <1>"'^^"(0, ap). For bounded sets U C A'p and 
V C Xp, the set 

'Sp,u.v,t = U X Ap t y-Vc Np X Ap x Xp 

is identified with the subset fi{U x Ap t x V) X = G/K by the horo- 
spherical decomposition of X and called a Siegel set in X associated with 
the rational parabolic subgroup P. Given a Q-rank 1 lattice F in G, it is a 
well-known result due to A. Borel and Harish-Chandra that there are only 
finitely many F-conjugacy classes of rational parabolic subgroups. Recall 
the precise reduction theory in Q-rank 1 case as follows (see [5, Proposition 
III.2.21]). 

Theorem 3.2. Let T be a Q-rank 1 lattice in G. Let G denote a semisimple 
algebraic group defined over Q with Q-rank{G) = 1 as in Definition 3.1. 
Denote 6?/ Pi, . . . , P^ representatives of the T-conjugacy classes of all proper 
rational parabolic subgroups of G. Then there exist a bounded set il.Q in 
T\G/K and Siegel sets Ui x Ap.^a Ci, i = 1, . . . , s, in X = G/K such that 

(1) each Siegel set Ui x Ap^^ti xVi is mapped injectively into T\X under 
the projection vr : X — )■ F\X, 

(2) the image of Ui x Vi in (rnPj)\A'^p^ x Xp^ is compact, 

(3) T\X admits the following disjoint decomposition 

s 

r\X = J^o U JJ 7T{Ui X Ap^^t, X V,). 
1=1 

Geometrically Bp{t) = n{Np x Ap t x Xp) is a horoball for any proper 
minimal rational parabolic subgroup P of G. Hence each fi{Ui x Ap.^n x Vi) 
is a fundamental domain of the cusp group Fj = F n P(M) acting on the 
horoball Bp^{ti) and each /u(C/i x V^) is a bounded domain in the horosphere 
that bounds the horoball Bp.{ti). Furthermore, each set '7r([/j x Ap.^ti ^ ^) 
corresponds to a cusp of the locally symmetric space T\X. We refer the 
reader to [5] for more details. 

3.3. Rational horocyclic coordinates. Let P be a proper minimal ratio- 
nal parabolic subgroup of G with Q-rank(G) = 1. The pullback ii*g of the 
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metric (7 on X to A^p x Ap x Xp is given by 

ae*+(g,ap) 

where is some metric on Qa that smoothly depends on r(m) but is inde- 
pendent of a. Choosing orthonormal bases {A^i, . . . , N^} of np, {Zi, . . . , Zi} 
of some tangent space T^-^^^Xp and ^4 G ap with ||A|| = 1, one can obtain 
rational horocyclic coordinates rj : Np x Ap x Xp -^WxWxM} defined by 



exp ^ XiNi , exp(yA), exp ^ ZiZi = {xi, . . . , x^, y, zi, . . . , zi). 



.j=l / \i=l 



We abbreviate (xi, . . . , y, zi, . . . , z;) as {x,y,z). Then the G-invariant 
Riemannian volume form dvolx on X = Np x yip x Xp with respect to the 
rational horocyclic coordinates is given by 

dvolx = z) exp~^l'^^ll^ dxdyc?^;, 

where /i(x, z) is a smooth function that is independent of y. See [4, Corollary 
4.4]. 

Note that all proper rational minimal parabolic subgroups are conjugate 
under G(Q). Hence the respective root systems are canonically isomorphic 
[3] and moreover, one can conclude ||pp || = \\pp' \\ for any two proper minimal 
rational parabolic subgroups P,P' of Q-rank 1 algebraic group G. 



4. Straight simplices 

Let X be a simply connected complete Riemannian manifold with non- 
positive sectional curvature and do^X be the ideal boundary of X. For 
xo, ■ ■ ■ ,Xk € X, the straight simplex str{xQ, . . . , x^) is defined inductively 
as follows: First, str(xo) is the point xq € X, and str{xo,xi) is the unique 
geodesic arc from xi to xg. In general, str{xQ, . . . ,Xk) is the geodesic cone 
on str{xo, . . . ,Xk-i) with the top point Xk- Since there is the unique ge- 
odesic connecting two points in X, each ordered (fc -|- l)-tuple (xq, . . . ,Xfc) 
determines the unique straight simplex. 

If the sectional curvature of X is strictly negative, one can define the no- 
tion of straight simplex in X U dooX. For any ordered tuple {uq, . . . ,Uk) S 
X U dooX, the straight simplex str{uQ, . . . ,Uk) is well defined as above. 
A straight simplex str{uo, . . . ,Uk) is called an ideal straight simplex if at 
least one of uq, . . . ,Uk is in dooX. In general, however, an ideal straight 
simplex is not well defined for a simply connected Riemannian manifold 
with nonpositive sectional curvature. For example, let X be a higher rank 
symmetric space and consider two points ^1,^2 in ^oo^ which cannot be 
connected by any geodesic in X. Then, one cannot define a straight sim- 
plex str{9i,62) with ideal vertices 9i,02- However, in the particular case 
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that xq, . . . ,Xk-i € X and 9 £ docX, we can define an ideal straight sim- 
plex str{xo, ■ ■ ■ ,Xk-i,6) as usual. This is because there is the unique geo- 
desic from a point in X to a point in dooX. Hence, the geodesic cone on 
str{xo, . . . ,Xk-i) with the top point 6 is well defined. We only need such 
kind of ideal straight simplex to construct our invariant in K-theory for a 
Q-rank 1 locally symmetric space. 

Setup. We will stick to the following notations from now on. Let G be 
a noncompact, semisimple Lie group with trivial center and no compact 
factors and X = G/K be the associated symmetric space with a maximal 
compact subgroup K of G. Given a Q-rank 1 arithmetic lattice F in G, 
we denote by G a Q-rank 1 semisimple algebraic group defined over Q as 
in Definition 3.1. Let Pi, . . . ,Ps be the representatives of the F-conjugacy 
classes of all proper rational parabolic subgroups of G. According to the 
precise reduction theory, we fix a fundamental domain F C X as in Theorem 
3.2 as follows: 

s 

F = nouY[Ui xAp^^t^ X Vi 

4 = 1 

Each half-geodesic Ap.^a uniquely determines a point in dooX, denoted by 
Cj. Write Fj = F n Pi(M) and N = r\X. Note that each Fj is the stabihzer 
of Cj in F. Since N is tame, is homeomorphic to the interior of a compact 
manifold M with boundary. Let diM, . . . ,dsM be the connected compo- 
nents of the boundary dM of M. Then there is a one-to-one correspondence 
between Fi, . . . , F^ and diM, . . . , dsM. Indeed, we can assume that each 
diM is homeomorphic to the quotient space of a horosphere based at a by 
the action of Fj. 

Lemma 4.1. For any c € {ci, ... ,Cs}, the volume of the ideal straight 
simplex str{xQ, . . . , Xd-i, c) is finite for any xq, . . . , Xd-i G X. 

Proof. Let P be the proper minimal rational parabolic subgroup associated 
with c. Let tp : A'^~^ X he a parametrization of str{xo, . . . , Xd-i). Choose 
a coordinate system s = (si, . . . ,Sd-i) in A'^"'^. In the rational horocyclic 
coordinates of X = Np x x Xp = R'' x M x M', we can write (f{s) = 
{x{s),y{s), z{s)). Define a map ■tp : A"^-^ X [0, oo) ^ X by 

ipis,t) = (x(s),y(s) + t,z{s)). 

A line x{s) x 1R+ x z{s) is a geodesic representing c for any s G A'^"^. Hence, 
it is easy to see that -0 is a parametrization of str{xo, . . . , Xd-i,c). 

Denote by G{wi, . . . , Wk) the Gram determinant of wi, . . . ,Wk € M'^. It 
is a standard fact that ^y'G(wl^T77~Wk} is the A:-dimensional volume of the 
parallelogram with edges wi, . . . ,Wk. We abbreviate ^ , • • • , gjf-^ as ^ . 
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Then 

iIj* dvolx{s, t) 



= z(5))e-2|l^p|l(?^W+*) t), ^(s, t)) dsi ■ ■ ■ dsd^idt 

< z(s))e-2|l^p|l(?^W+*)^G (^^(5)) dsi • • • dsd-i dt 

The last inequahty follows from t))|| = 1. Hence, we have 

yol{str{xo, . . .,Xd-i,c)) 

tjfdvolx dsi ■ ■ ■ dsd-idt 



^x[0,oo) 



^ h{x{s), z(s))e-2|l^pll^(^)^G(^(s)) dsi ■ ■ ■ dsd-i ■ i 



< h(x{s),z(s))e-^^^P^\\y'^'\lGi^(s)]ds,---dsd-, ■ I e-^"^!-"* 

= Vol(str(xo, . . . , Xd-i)) ■ ^ii"*" II < 00. 

^IIPpII 

This completes the proof. □ 

5. Cuspidal completion 

In this section, we will define the notion of disjoint cone for M and the 
cuspidal completion of the classifying space BT, following [21, Section 4.2.1]. 

As we mentioned before, one can identify each component diM with the 
quotient Ti\Hi where Hi is the horosphere that bounds a horoball Bi = 
A^p. X A-p.^ti X A"p. . Note that such B'-s are disjoint in Q-rank 1 case. Hence 
we have a homeomorphism of tuples 

(M, aiM, . . . , dsM) ^ (r\ (X - uW^Bi) , TiXh^, . . . , rs\Hs) . 

5.1. Disjoint cone of topological spaces. For a topological space Y and 
subspaces Ai, . . . ,As one can define a disjoint cone 

Dcone(U|=i^i ^ Y) 

by coning each Ai to a point Cj. In other words, Dcone(U|^]^^j — )> Y) is the 
space obtained by gluing Y and U|^^Cone(Ai) along Uf^j^^j. 

Lemma 5.1. Let M be a compact, connected, smooth, oriented manifold 
with boundary dM . Then there is an isomorphism 

(M, dM) ^ (Dcone (U.Li^^M ^ M)) 

in degrees * > 2. In particular, (Dcone {Uf^^diM ^ M) ,R) ^ R if 
d = dim (M) > 2. 
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Proof. It is a well-known consequence of Morse theory that (M, dM) is ho- 
motopy equivalent to a pair of CW-complexes. Since homology is preserved 
under homotopy equivalences, we can henceforth assume for the proof that 
{M,dM) is a pair of CW-complexes. In particular [G, VII. Corollary 1.4] 
the inclusion j : dM — >■ M is a cofibration. 

Let Kj be the mapping cone of j with vertex c. Then [(i, VII. Corollary 
1.7] implies that we have isomorphisms 

{Kj,v) ^ (M/dM) ^ H, (M, dM) , 

thus {Kj) ^ (M, dM) for * > 1. 

Let Ci G Dcone {L)^^-^^iM M) be the vertex of Cone (9jM) for each 
i = 1, . . . , s. The projection Dcone {Uf^idiM — )• M) — > Kj is a cellular map 
which maps ci , . . . , to c and is an isomorphism of cellular chain groups in 
degree > 1. Hence it induces an isomorphism of cellular homology in degree 
* > 2. It is well known that cellular and singular homology of a pair of 
CW-complexes agree, thus the claim follows. □ 

The argument actually provides an isomorphism 

i7*(Dcone(UtiAi ^ Y)) = H,{Y,Ul^,Ai) 
for * > 2 whenever Y and Ai are CW-complexes. 

5.2. Disjoint cone of simplicial sets. For a simplicial set (S,ds) and a 
symbol c, the cone over S with the cone point c is the quasisimplicial set 
Cone(5') whose fc-simplicies are either fc-simplices in 5 or cones over (k — 1)- 
simplices in S with the cone point c. The boundary operator d in Cone(5) 
is defined by da = dscr and 

9Cone(a) = Cone{dsa) + (-l)di"^W+V 

for a € S. 

If {Tj I i G 1} is a family of simplicial subsets of 5" indexed over a set /, 
then define the quasisimplicial set Dcone(Ujg/rj — >■ S) as the pushout 

U.e/^. 



ljie/Cone(Ti) ^ Dcone (^Uie/^« ~^ ^) 

Recall that in Section 2.1 we defined the simplicial set BG for a group G. 
Now let us consider X = G/K a symmetric space of noncompact type and 
r C G a lattice. We define the cuspidal completion bG^°^'p of BG to be 



Dcone Ml BG ^ BG 
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In addition, define the cuspidal completion BT^°^p of BT to be 

Dcone BTi Bvj , 

wliere Tj are parabolic groups. More precisely, BV^""^^ is the quasisimplicial 
set whose /c-simplices a are either of the form 

c^ = {71, ■■■,7k) 
with 71, . . . , 7fc G r or for some i G {1, . . . , s} of the form 

= {pi, ■ ■ ■ ,Pk-l,Ci) 

with pi, . . . ,pk--i G Ti. 

Lemma 5.2. Let M be a compact, connected, smooth, oriented manifold 
with boundary dM . Then there is an isomorphism 

H, (M, dM) ^ Ht'^'P (Dcone (etiC* (diM) ^ C, (M))) 

in degrees >2. In particular H^^^ (Dcone (e|=iC* {diM) C, (M) ; M)) = 
M i/d = dim{M) > 2. 

Proof. For a simplicial set S*, we denote by \S\ the geometric realisation of 
S. One can think of C.^{diM),C^{M) as simplicial sets. Note that we have 
a natural isomorphism between the simplicial homology of the simplicial 
set and the singular homology of its geometric realisation. Thus to derive 
Lemma 5.2 from Lemma 5.1 it is sufficient to provide an isomorphism 

(Dcone {VJUA^ ^ ^)) = ^* (|Dcone {®UiC* {diM) ^ (M)) |) . 

There is a natural Mayer- Vietoris sequence for CW-complexes (see the 
remark after [G, Prop. A.5]), hence the canonical continuous map 

iDcone (©f=iC* {diM) C, (M)) | ^ Dcone {Uf^^diM M) 

yields the following commutative diagram: 



{\C, (M) I) el^.H, (ICone {C, {diM)) |) H, {M) 0,^1^* (Cone (5,M)) 



if, (IDcone (e|=iC* {diM) ^ (M)) 



=iii*-i 



a (5iM) I) 



i/, (Dcone {Uf^AM M)) 



)UiH.^i {diM) 
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We note that |Cone (C* (SjM)) | and Cone (SjM) are contractible, hence 
their homology vanishes in degrees > 1. Moreover (|C* (M) |) — > (Af) 
and ff* {\C^: (diM) |) — )■ (diM) are isomorphisms: this follows from [18, 
Theorem 2.27] together with the fact that (X) is by definition the same 
as Hf"^^ (C* {X)) for any topological space X. 

Thus the five lemma implies the wanted isomorphism 

(iDcone (©LiC* {diM) ^ (Af)) |) ^ (Dcone (Uti^iAf ^ M)) . 

□ 

In the sequel we will consider the situation that two points Xi^x m. X := 
Dcone (©f^^^C* (diM) C*(A/)) are connected by a 1-simplex Cj with dei = 
X — Xi. For a 1-simplex cj with both vertices in Xi we can define "conjuga- 
tion with Cj" by Cei(cr) := el * a * ej. In particular, for Xi € diM and 
if 7ri((9jAf, Xj) —7- TTi(M,Xi) is injective, then Cg^ realizes an isomorphism of 
7ri(9jAf, Xi) to a subgroup Fj C '/ri(Af, x). For a 1-simplex a with 9(T = Ci—Xi 
we define Cei{cr) := ej * a. 

Definition 5.3. Let (Af, 9Af) be a pair of topological spaces, diM, • • • , S^M 
be the path components of dM. Denote by a £ Dcone (Uf^^diM — > M) the 
vertex of Cone (diM) for i = 1, . . . , s. Let x G M, xi G diM, . . . ,Xs G 9sAf . 
For i G {1, . . . , s} we define 

(9iM) C Cone (C* (9i Af)) C (Dcone {Uf^idiM AT)) 

to be the subcomplex freely generated by those simplices in Cone{diM) for 
which 

- either all vertices are in Xi , 

- or all but the last vertex is in Xi and the last vertex is in q. 

For i = 1, . . . ,s fix a path Cj from x to Xj and the corresponding Cg. . 
Define 

(M) C a (Dcone (U|=i5iM ^ AT)) 

to be the subcomplex freely generated by those simplices a for which 

- either all vertices are in x, 

- or for some i £ {1, . . . , s} there exists a simplex a' C Ct' (diM) such that 

maps the 1-skeleton of a' to the 1-skeleton of a (up to homotopy fixing 
the 0-skeleton). 

We remark that in the last case the homotopy classes (rel. {0, 1}) of all 
edges between all but the last vertices belong to Fj C tti (M, x). 
For the statement of the following lemma we will denote by 

ii : (M) ^ (Dcone {U^diM ^ M)) 

and 

j2 : Dcone (©LiC* (diM) ^ (Af)) ^ (Dcone (Uti^^M ^ M)) 
the inclusions. 
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Lemma 5.4. Let M be a compact, connected, smooth, oriented manifold 
with boundary dM . Let x € M. Then there exists a chain map 

F : a(Dcone (e^iC* (diM) ^ (M))) ^ (M) 

such that ji o F is chain homotopic to j2- 

Proof. To write out the claim of the theorem: we want to show that there 
exist sequences of chain maps 

Fn : Cn (Dcone i®UC, (d^M) ^ C, (M))) ^ (M) 

and of chain homotopies 

Kn : Cn (Dcone (ef^iC* (diM) C* (M))) ^ Cn+i (Dcone {Uf^idiM M)) 
for n = 0, 1, 2, . . . such that 

dKn (a) + Kn^i {da) = F„ (a) - a 
for all cj G C„ (Dcone {®U^C^ {diM) ^ (M))). 

We will use the procedure for dividing A" into (n + l)-simplices which 
is described in [IS, page 112]. So for each 77, G N we let Vn,o-, ■ ■ ■ ,Vn,n and 
Wn,o, • • • , Wn,n be the vertices of A" x {0} and A" x {1}, respectively, and 
for < j < n, we denote by Knj : A"-^^ —?■ A"' x [0, 1] the affine {n + 1)- 
simplex with vertices vq, . . . ,Vj,Wj, . . . ,Wn- We will inductively prove a 
slightly stronger statement as above, namely we will show that for each n- 
simplex a in Dcone (®|^]^C* {diM) — > C* (M)) one can define a continuous 
map L„ : A"- X [0, 1] — > Dcone {Uf^-^^diM — ^ M) such that Kn (a) is given by 
I^n (c) = jyj=o o (and of course that the so defined Kn satisfies the 
above properties). 

Let us first consider ?i = 0. A 0-simplex a in Dcone (©|^^C* {diM) — t- C* (M)) 
is either a 0-simplex in M or a cone point Cj. 

If cr = Cj, then we define Fq (q) = q and Kq {ci) is the 1-simplex mapped 
constantly to q. 

If the 0-simplex a belongs to AI — dM, then we define Fq {a) = x and 
Kq {a) is some (arbitrarily chosen) 1-simplex in M C Dcone (U|^-|^3iM — )• M) 
with 9o-f^o (f) = 2; and 9iA'o (cr) = a. 

If the 0-simplex a belongs to diM, then we first choose some 1-simplex 
60- in diM with doe^ = Xi, die^ = cr. (If a = Xi, we let be the constant 
1-simplex.) Recall from Definition 2.3 that we have fixed a path Cj from 

to X which yields the isomorphism between tti {diM,Xi) and Fj by con- 
jugation. Define then Fq {a) = x and Kq {a) is the 1-simplex obtained as 
concatenation of 6^ and Cj. In particular doKo {a) = x and diKo {a) = a. 

Let us now consider n = 1. A 1-simplex a in Dcone (©f^^^C* {diM) — ^ C* (M)) 
is either a 1-simplex in M or the cone (with cone point Cj) over a 0- 
simplex in diM. We have defined Kq {d^a) and i^o (5o<7)- Inclusion dA^ — > 
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A is a cofibration, hence we have a continuous map : X [0, 1] ^ 
Dcone {Uf^idiM M) such that (x, 0) = x for x G cr and {dja, t) = 
Kq {dju) (t) for j = 0, 1. Then define Ki (a) := Lg- o + o and 
Fi (ct) by Fi (a) (x) := L„ (x, 1) for X G Ai. 

It is clear that dKi {a)+KQ {da) = Fi {a)-a and that Fq {da) = dFi {a). 

We still have to check that Fi {a) G Cf {M). If a is the cone over a 
simplex in diM, then d^a = Cj and dia G diM C M, hence Fq {d^a) = Ci 
and Fo {dia) = x, thus Fi{a) G Cf (M). If G Ci (M), then djFi {a) = 
Fq {dja) = X for j = 0, 1, thus Fi {a) G Cf (M). Moreover (this will be 
needed in the next steps) if cr G Ci {diM), then the homotopy class (rel. 
{0, 1}) of Fi {a) belongs to Fj C vri (M, x). Indeed, Fi (cr) is in the homo- 
topy class (rel. {0, 1}) of Kq {dia)*a*Ko {doa) = 'ei*'eQ^*a*eQga-*eii where 
the bar means the 1-simplex with opposite orientation. Now eg^ * a * eg^a- 
represents an element in vri {diM,Xi) and by assumption conjugation with 
Cj provides to isomorphism to Fj, hence Fi {a) represents an element in Fj. 

We now proceed to prove the theorem by induction. Assume that F^ and 
Kk have been defined for k < n. We will assume as part of the inductive 
hypothesis (and prove as part of the induction claim) that Fn {a) has all 
vertices in x if a G C* (M) and that F„, (cr) has its last vertex in Cj if a has 
its last vertex in Cj. (This is satisfied for n < 1 by the above construction.) 
Let cr : A"""*"^ Dcone {U^^^diM M) be an (n + l)-simplex in 
Dcone {®l=iC^ {diM) — )■ C* (M)). By the inductive hypothesis we have 
for j = 0, . . . , n+1 a continuous map Fg^o- : A" x [0, 1] Dcone (Uf^j^SjM M) 
such that Kn {dja) is given by Kn (dja) = Yl?=o^d a ° i'^n,i- (In particular 
Lqjo- {x, 0) = X for X G 9j A".) Since the inclusion 5A" — t- A" is a cofibration 
by [6, VII. Corollary 1.4] we have a continuous map Lo- : A"+^ x [0, 1] — ?> 
Dcone {Uf^^diM — )• M) such that Fo-|a"+1x{o} agrees with a (after the ob- 
vious identification of A""*"^ with A"'^^ x {0}) and for j = 0, . . . ,n + 1 
-^o-|ajA"+ix[o,i] agrees with Lq.^^. Then define 



where r^+i : A"+^ A"+^ x [0, 1] is defined by r^+i (x) = (x, 1). 

It is clear by construction that dKn+i {(^) + Kn {da) = F„+i {a) — a and 
that aF„+i(c7) = F„(aa). 

We have to check that F„+i (cr) G Cj^+i {M). If a is an {n + l)-simplex 
in M, then all dja are n-simplices in M, hence by induction all vertices of 
all Fn {dj) are in x. Because of djFn+i {a) = F„ {dja) this implies that all 
vertices of Fn+i {a) are in x, hence Fn+i {a) G C^^+i {M). 



n+1 




i=o 



and 



F„+i (fj) := L o r„+i 
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If a is the cone (with cone point Cj) over an n-simplex r = dncr, then 
we have by inductive hypothesis that F„ (dn+icr) has ah its vertices in x 
and moreover that all Fn (dja) with < j < n have their last vertex in 
Cj. Because of djFn+i {(t) = Fn (dja) this implies that (a) has its last 
vertex in Cj and the remaining vertices in x. Moreover, if n + 1 = 2, then 
82(7 € Ci {diM) and it follows (from the construction for n = 1) that the 
homotopy class (rel. {0, 1}) of 92-^2 (c) = Fi [82(7) belongs to Tj C vri (M, x). 
If n + 1 > 3, then, since each edge of a is an edge of some dja and since 
Fn (djcr) G Cn (M), it follows that the homotopy classes (rel. {0, 1}) of all 
edges between all but the last vertices belong to Fj C tti{M,x). Thus 
Fn+i{a)GC:i^,iM). □ 

Corollary 5.5. Let M be a compact, connected, smooth, oriented, aspherical 
manifold with aspherical ni-injective boundary dM = diM U . . . U dsM . Let 
X € M. Assume Fj CiTj = for i / j, where Tj C vri (M, x) for i = 1, . . . , s 
is defined by Definition 5.3. Then the chain map 

F : Dcone (e|=iC* {diM) ^ (M)) ^ (M) 

induces an isomorphism of homology groups. 

Proof. Lemma 5.4 implies that ji^F^ = j2* and Lemma 5.2 implies that 
is an isomorphism. Hence F^, is injective. It remains to show that F^ is 
surjective, i.e., that every cycle in (M) is homologous to some cycle of 
the form F^z with z a cycle in Dcone (©f^^^C* {diM) — > C* (M)). 
Let YJj=i djCTj G (M) be a cycle. Let 

jdeg _ . j^g^g edge representing € vri (M, x)} . 

The same argument as in the proof of [21, Lemma 5.15] shows that X^jgjdeg ^jfj 
is a 0-homologous cycle, thus ^j^^jdeg ajaj is homologous to X]j=i '^i'^i- We 
can and will therefore without loss of generality assume that no aj has an 
edge representing G vri {M, x). 

Let ci, . . . ,Cs be the cone points and for i G {1, . . . , s} let 

Ji = {j : Gj has its last vertex in Cj} . 

We note that for i ^ I a simplex in Jj can not have a face in common with a 
simplex in J;. Indeed such a face would have edges representing elements in 
Lj C TTi (M, x) and Ti C tti (M, x) which is impossible because of Linr/ = 0. 

Now let K be the simplicial complex defined as a union K = Ai U . . . U 
As of homeomorphic images of the d-dimensional standard simplex with 
identifications diAj = dkAi if and only if diaj = dkCi. Let a : K 
T)cone{L)f^idiM M) be defined by cr\/\. = aj, where the homeomor- 
phism from Aj to the standard simplex is understood. By construction, 

Ei=i«if^i = 0-* [Ej=i«i^i ■ 

We will now homotope a such that its image becomes a chain in 
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Dcone (©-^iC* (diM) C* (M)). First, if j £ Ji, then we homotope all 
but the last vertex of Aj from x to Xi along the path a from Definition 5.3. 
Since for i ^ I simplices in Jj and J; have no face in common this can 
be done simultaneously for all Aj with j £ Ji U . . . U J^. By successive 
application of the cofibration property this homotopy can be extended to 
all of K. For j € J/ it follows from the definition of Pj in Definition 5.3 
that after this homotopy the edges of Aj opposite to the cone point are all 
mapped to loops at Xi homotopic rel. {0, 1} into diM. We may thus (using 
again the cofibration property to successively extend the homotopy from the 
1-skeleton to K) further homotope a to have all these edges in diM, and the 
remaining edges of Aj mapped to Cone (diM). Finally, since M and d^M 
are aspherical we have 7r*>2(M, (9M) = 0, thus we can successively further 
homotope a such that: 

- for j G Jj all higher-dimensional subsimplices and finally A-,- are mapped 
to diM (if they don't contain the cone point) or to Cone (diM) (if they do 
contain the cone point), 

- for j ^ Ji U . . . U Js all higher-dimensional subsimplices and finally Aj- 
ar e mapped to M. 

Thus we obtain a cycle c in Dcone (©f^^^C* (diM) — C* (M)). By con- 
struction F^c is homotopic, hence homologous, to X^j=ifijCj- D 

Corollary 5.6. Under the assumptions of Corollary 5.5 we have 

Hd(d^{M);Rj 
for d = dim{M) > 2 and x e M. 

6. Eilenberg-MacLane map 

Recall the homeomorphism of tuples as we describe in Section 5, 

(M, diM, dsM) ^ (r\ {X - uUTBi) , Ti\Hi, Ts\Hs) . 

Let Ci denote the cone point of Cone((9jM). Identifying each Cone(9jM) — q 
with Ti\Bi, we have a homeomorphism 

T\X Dcone{uUidiM ^ M) - {a, . . . , Cs} 

extending the homeomorphism of tuples above. Composition of the universal 
covering X T\X with this homeomorphism yields a covering map 

X Dcone(U|=i(9iM ^ M) - {ci, . . . , cj. 

Then we finally have a projection map 

tt:XU Uf^^TdooBi Dcone(U^=i5iM ^ M) 

such that 7r|x : X — > Dcone(U|^^9jM — >• M) — {ci, . . . ,Cs} is a covering, 
vrlrSj : TBi — > Cone(9jM) — Cj is a covering with deck group F and vr maps 
TdooBi to Ci for i = 1, . . . , s. Due to this projection map, we can define the 
notion of (ideal) straight simplex in Dcone(U|^]^9jM — )• M). 
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Definition 6.1. We say that a /c-simplex a in Dcone(U|^]^5jAf M) is 
straight if a is of the form ■K{str{uo, . . . , Uk)) for uq, ■ ■ ■ ,Uk S XUU|^^r5oo-Bi. 

Remark. In the M-rank 1 case, every dooBi consists of a point in dooX and 
for any ordered pair (uq, . . . , u^) € X U U|^^r5oo-Bj, str{uQ, . . . , u^) is well 
defined. In contrast, in the higher rank case, each dooBi is not a point. More 
precisely, if Bi is any horoball centered at Zi, then 



dooBi = <w e dooX 



Td{zi,w) < \ 

where Td is the Tits metric on dooX (see [19]). Furthermore, str{uo, . . . , Uk) 
may not be defined for some ordered pair (mq, . . . , Ufc). 

We denote 

d(M) := a(DCone(U^^i9iM ^ M)). 

Recall from Definition 5.3 that we choose base points xq,xi, . . . ,Xs of M, 
diM, . . . ,dsM respectively and identify ■Ki{diM, Xi) with a subgroup of 
7ri(M, xq) by choosing a path connecting and Xj for i = 1, . . . , s. 

The assumptions of Corollary 5.6 are satisfied for Q-rank 1 spaces, thus 
we have 

Hd{d^°{M),q) = Hd{C,{M),q) = Hd{M,dM,Q) = Q. 

We define a chain complex 

Cf^,xo^M) := Z[{a € C,^«(M) | a is straight}], 

and for the s-tuple (ci,...,Cs) with Cj G dooBi (see the setup in Section 
4), we define the subcomplex Cf'^'^°''^{M) of C**'"'^°(M) freely generated by 
those simplices that are either of the form 

a = 7r(str(xo, 7iXo, . . . , 71 • • • 7fcio)) 

where xq is a lift of xq and 71 , . . . , 7^ € F or of the form 

a = 7r{str{xo,piXo, . . . ,pi • ■ ■ Pk-i^o, Ci)) 

for pi, . . . G and i G {1, . . . , s}. 

Lemma 6.2. The following hold. 

(a) There is an isomorphism of chain complexes 

(b) T/ie inclusion C**'''^°''^(M) — )• C*(M) induces an isomorphism 

Hd{Cf''''°''{M),Q) ^ i?d(Dcone(uLia,M ^ M),Q). 

(c) The composition of with the inclusion C^*'''^"''^(Af ) — )• C^,(M) 
induces an isomorphism 

EM, : H'J"'P{Br'°'^P,q) ^ i?,(Dcone(Uti5,M ^ Af),Q). 



BLOCK GROUPS 21 

Proof, (a) We define a chain isomorphism ^> : ''"''''(M) ^ cf"^^{BT'"^P) 
as follows: For a straight fc-simplex a of the form 

a = 7r{str{xo, 71^0, • • • , 7i • • • Tfc^o)), 

define <I'((t) = (71, . . . , 7jfc). For a straight A;-simplex a of the form 

cr = 7r{str{xo,piXo, . . . , pi • • • Pfc-i^o, q)) 

with pi,... ,pk-i G Fj andj G {1, . . . , s}, define ^{a) = {pi, . . . ,Pk-i,Ci). 
Extending this linearly to Ct^^'^° (M), we obtain a chain map 

Conversely, one can define a chain map 
as follows: For a fc-simplex of the form (71, . . . , 7^), define 

*(7i, ■■■,7k) = vr(str(xo, 71^0, • • • , 7i • • • 7fc*o))- 
For a /c-simplex of the form (pi, . . . ,Pk-i, q) with pi, . . . ,Pk-i G Tij define 

^'(pi, . . . ,Pfc_i,Ci) = TT{str{xo,piXo, . . . ,Pl • • -pfc-lXcCi)). 

By construction, it is clear that ^ and ^ are inverse to each other. Hence, 
$ and ^ are isomorphisms between the two chain complexes. 

(b) Note that one can extend the domain of <I> to C^" (Ad) in the following 
way. Let cj be a /c-simplex in C^°{M) and cq,. . . ,ek be the vertices of the 
standard simplex A'^. For i = 1, . . . ,k, let Q be the standard sub-l-simplex 
with dQ = Ci — ej_i. Define 

cI>(a) = ([a|cJ,...,klcJ), 

where each [o"|(J S F = 7ri(M, xq) is the homotopy class a\Q if all vertices 
of a are in xq and 

= (klci]'---'[^la-i]'Ci), 

if the last vertex of a is Cj. Then consider the composition of maps as 
follows: 

Obviously, ^ o $ o i = id and thus we have an injective homomorphism 

: ifd(Cf'^'^«'^(Af),Q) ^ ifrf(C,^«(M),Q). 

From Corollary 5.6 we obtain Hd{C^o(^M), Q) ^ Q, thus Hd{Cf '^{M),q) 
as a vector space over Q is at most one dimensional. On the other hand 
Lemma 6.3 below shows that EM~^[M,dM] is a nontrivial element in 
Hd{BT''°'^P, M) ^ '"'"'''(M), M), because evaluation of some cocycle is 

not zero. Hence, i-t is actually an isomorphism. Furthermore, considering 
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that by Corollary 5.5 the inclusion C^''{M) — > C*(M) is a homology equiv- 
alence, one can conclude that the inclusion ^'^°''^(M) — )■ C*(M) induces 
an isomorphism 

Hd{Cf''''o^''{M),Q) ^ HdiBconeiuUdiM ^ M),Q). 

Finally, (c) follows from (a) and (b). □ 

Remark. In the M-rank 1 case, the geodesic straightening map str^, : 
C'i"{M) '''°(M) that is a left-inverse to the inclusion C f (M) C 

(M) is well defined and cf'^^{BT'"'"^P) is isomorphic to Cf'''''%M) = 
Ct*^'^°''^{M). (See [21]). However, in the higher rank case, the straighten- 
ing map str^ : C^^iM) Cf''''\M) is not weh defined as we mentioned 
in Section 4. Hence cf'^^{BT'"'"^P) is not isomorphic to Cf'^'^CM) but is 
isomorphic to its subcomplex Cf^'^°''^{M). Despite such differences with 
M-rank 1 case, we obtain the homology class 

EM-^[M,dM] G H'J"'P{BT''°"'P,Q) 

in the same manner as in the M-rank 1 case. This will enable us in Section 
7 to define an invariant in K-theory for a Q-rank 1 locally symmetric space. 

Recall that the volume cocycle comp{vd) = c^d S ^simpi^^) is defined 

by 



cvd{gi, ...,gd)= / dvolx, 

J str(xo,gixo,...,gi-gdXo) 

where dvolx is the G-invariant Riemannian volume form on X = G/K. If 
X is a M-rank 1 symmetric space, one can extend this volume cocycle cvd to 
a cocycle cUd € Cgj^p(i?G™"*^). In the higher rank case, one cannot obtain 
an extended volume cocycle in C^^^p(-BG™™^). However, we can extend the 
volume cocycle in Cg^^p{BT) to at least a cocycle in Cg^^p{BT'^°'^P) . Define 
a cocycle cUd € Cg^^p{BV'^°^P) as follows: For a d-simplex (71, . . . ,7^) with 
71, . . . ,7rf G r, define 

cvdili,. ■ ■ ,7d) = cvdi^ii, . . . ,7d). 

For a d-simplex (pi, . . . ,Pd-i, q) with pi, . . . ,Pd-i G Fj and i G {1, . . . , s}, 
define 



cudipi, . . . ,Pd-i,Ci) = dvolx- 

J StT{xo,piXQ,...,pi---pd-\X(,,Ci) 

It follows from Lemma 4.1 that cUd is well defined. An application of Stokes' 
Theorem (to compact submanifolds with boundary of every ideal simplex 
exactly as in the proof of Lemma 6.3 below) shows that cPd is a cocycle in 
^simpi^^'^""^^)- Hence, the cocycle cud determines a cohomology class in 
i/f,^p(i?r--f), denoted by Vd- 
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Lemma 6.3. If N is a Q-rank 1 locally symmetric space of dimension at 
least 3, then 

{vd, EM-^ [M, dM]) = Yo\{N). 

Proof. Let z be a relative fundamental cycle in Cd{M, dM) representing the 
relative fundamental class [M, dM] . We think of M as a submanifold of N 
via the homeomorphism of tuples 

(M, 5iM, . . . , dsM) ^ (r\ {X - uW^Bi) , TiXHi, . . . , TA^^s) 

and z as a chain in Cd{N). 

Since dz represents [5M], we can write dz = diz + ■ ■ ■ + dsZ where diZ is 
a cycle representing [SjM] for i = 1, . . . , s. Make z a chain z^ in C^''(M) via 
the chain homotopy C*(M) — )• C^°{M) in the proof of [21, Lemma 8]. Note 
that z'^ is obtained by adding several 1-dimensional paths to z and hence 

algvol{z^) = algvol{z) = Vol(M). 

Now, consider a geodesic cone Coneg{diz) over diz with the top point 
for i = 1, . . . , s. Due to dim^p- = 1, it is not difficult to see that 

algvol{Coneg{diz)) = {-lY+^\o\{Ti\Bi). 

Since Coneg(f?jZ^) is obtained by adding two dimensional objects of to 
Coneg((9j2;), its algebraic volume is not changed, that is, 

algvol{Coneg{diZ^)) = algvol{Coneg{diz)) = {-l)'^+^Yo\{ri\Bi). 

Now, define c(z'^) = z^ + {—l)'^~^^Coiieg{dz^). Then it can be checked 
that c{z^) is a cycle in d^°{M) by 

ac(z°) = + {-l)'^+^dConeg{dz^) 

= + {-lf+^Coneg{ddz'^) + {-lf+\-lfdz^ = 0. 
Furthermore, we have 

s 

algvol{c{z^)) = Vol(M) + ^ Vol(ri\A) 

i=l 

= Vol(M) + Vol(A^ - M) = Vol(iV). 

Note that we can straighten c{z^) because all vertices of every ideal simplex 
in c{z^) are in xq except for the last vertex with Cj for some i £ {1, . . . , s}. 
Furthermore, str(c(z°)) is in C^*'''^°'''(M) and represents '^oEM'^lM, dM]. 
To prove the lemma, it is sufficient to show that 

algvol{str{c{z^))) = Yol{N). 

Let Hq, Hi : K Dcone(U|^]^5jM M) be the simplicial maps realising 
the cycles c{z'^) + Coneg{dz'^) and str{c{z^) + Coneg{dz^)), respectively. (See 
the construction in the proof of 5.5.) Let H : K x[0,l] — > Dcone(U|^]^c?jM — > 
M) be the straight line homotopy between c{z^)+Coneg{dz'^) and str{c{z^) + 
Coneg{dz^)), such that Hq = H{., 0), Hi = H{., 1). 
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The homotopy H yields a chain homotopy L* : C**'^'^''''^(M) — > Cl^]^i°''^{M) 
from the straightening map str to the identity. (See the construction in the 
proof of 5.4.) This satisfies dLk + Lk~id = str — id. Then 



str(c(z")) - c(z") 

= str{z^) - z° + (-l)'^+i(Coneg(str(az°)) - Coneg{dz^)) 
= dLdiz^) + Ld-i{dz^) + i-lf+^ConegidLd-iidz^) + Ld-2iddz^)) 
= dLaiz^) + L^^dz') + (-l)'^+iaCone3(Lrf_i(azO)) - La_,{dz') 
= a(L,(zO) + (-l)'^+^Coneg(L,_i(azO))) 



In order to conchide algvol{str{c{z^))) = algvol{c{z^)) we want to ap- 
ply Stokes' Theorem to show that the integral of the volume form over 
d{L(i{z^) + {—iy^^Coneg{L(i-i{dz^))) vanishes. It is clear that the integral 
of the closed form dvol over dLd{z^) vanishes and thus it remains to look at 
simplices in dConQg{Ld-i{dz^)). 

Since the volume form is defined on the complement of the cone points 
we can apply Stokes' Theorem to compact submanifolds with boundary of 
every (ideal) simplex in Let l-Lik be a sequence of horospheres converging 
towards q for k oo. In the following we will call simplices in Coneg{diz) 
proper ideal simplices if they have a vertex in Cj, i.e. if they are not contained 
in diZ. For a proper ideal simplex in Coneg{diz) its edges are either edges of 
a simplex in diZ or otherwise they are geodesies ending in Cj, which there- 
fore are transverse to the horospheres Tiik- Moreover all higher-dimensional 
proper ideal simplices in Coneg{diZ^) and their straightenings are a union of 
geodesic lines ending in Cj. In particular all proper ideal simplices occuring 
in Coneg{diZ^) and str{Coneg{diZ^)) are transverse to the HikS. 

The Relative Transversality Theorem (see [17]) yields that any map H : 
K X [0, 1] — > Dcone(Uf^]^(?jM — > M) whose restriction to K x {0, 1} is 
transverse to |J^ ^ Tiik can be homotoped (by an arbitrarily small homotopy, 
keeping K x {0, 1} fixed) to a map which is transverse on all of iiT x [0, 1] . The 
homotopy can be chosen to fix subsimplices which are already transverse. 
Thus we can homotope (keeping c{z^) and str{c{z^)) as well as L(i{z^) fixed) 
the simplices in Coneg{Ld-i{dz^)) to be transverse to the TiikS. 

Then, for any {d + 1) -dimensional simplex 



occuring in Coneg{Ld_i{dz^)), and for each /c S N, we conclude from transver- 
sality that i'Hik) is a d-dimensional submanifold Ki^ bounding a (d -|- 1)- 
dimensional submanifold C A'^"'"'^ which does not contain the preimage 
of Cj. Thus we can apply Stokes' Theorem to ilik and obtain 



K : A'^+^ Dcone (U.Li^iM ^ M) ^ N U {cusps} 



■ik 



H*dvolx + 




H*dvolx 




dH*dvolx = 
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because H*dvolx is a closed form. We note that H maps the d-dimensional 
submanifold Kik to the {d — 1) -dimensional submanifold Hik C N and there- 
fore Jp.^ H*dvolx = 0. Thus 

f H*dvolx = 

for all A: G N. Then, since the countable union UfegN^A'^"''^ n equals 
A*^"*"^ \ (cj) and since dvolx is defined to be zero on Cj, we conclude that 

H*dvolx = 0. 

Summing up over all n : A'^^^ — ?• Dcone [Uf^idiM — )■ M) occuringin Coneg{Lci-i{dz^)) 
we obtain 



dvolx = 0. 

ldConcg{Ld-iidzO)) 

Then, we have 



algvol{str{c{z^))) = / dvolx = / dvolx = Vol(iV), 

which completes the proof. □ 

Assume that d is odd. Let be the Borel class in if^(SL(n, C), M). (It 
is obtained by restriction of the Borel class bd € H^{Gh{n, C), M) defined in 
Section 2.2.) According to the Van Est isomorphism, a representative /^^ of 

is given by 



Pd{go, ■■■,9d) = / 

J strigoo,. 



dbol 

r{goo,...,gdo) 

where dbol is an SL(n, C)-invariant differential d-form on SL(?i, C)/SU(n) 
and o is a point in SL(n, C)/SU(?i). Recall that a comparison map 

comp : C7*(SL(?i,C),M) ^ Q„,p(5SL(n, C), M) 

is defined by comp{f){gi, . . .,gk) = /(1, 51, 5152, • • • • • -fffc)- 

As in [21, Section 4.2.3] define BSL{n,C)^ as the set consisting of d- 
simplices in BSL{n, C)™™^ which are either (i-simplices in i?SL(n, C)^ or of 
the form (pi, . . . ,Pd-i, c) satisfying 



dbol 

str{d,pio,...,pi---pa-iO,c) 



< 00. 



We define BSL{n, C) to be the quasisimplicial set generated by BSL{n, C)' 



under face maps. Then consider a cocycle : Cj*™'^(i?SL(n, C)^, M) 
defined by 



cl3d{gi,---,9d) = / dbol 

J str{d,gid,...,gi-ga-io) 
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for (gi, ...,gd)& BSL{n,C)^, and 

cPdiPi,--- ,Pd~i,c) = / dbol 

J str(o,pio,...,pi---pd_id,c) 

for (pi, . . . ,Pd-i: c) G i?SL(n, C)^ ■ By the construction of it is obvious 
that {Bi)*{cl3^) = comp{f3d) and hence, {Bi)*{c(3^) is a cocycle representing 
comp{hd) where Bi : BSh(n, C) — ?• i?SL(n, C)^ is the natural inckision map. 

Lemma 6.4. Let p : {G,K) (SL(?i, C), SU(n)) be a representation. Let 
j :V ^ G be the natural inclusion map. Then we have 

{Bp o C Cj*'"P(SSL(n,C)^), 

where Bp : BC'^'^p SSL(n, C)™'^^ and Bj : Br^°"^P ^ ^Qcomp ^f^^ 
induced maps from p and j respectively. Furthermore, there exists a constant 
Cp € M such that (Bp o Bj)*{cPj) represents CpVd- 

Proof. To prove the first statement, it suffices to show that for a d-simplex 
of the form {pi, . . . ,pd-i,Ci) with pi,...,pd-i G Tj, 

{Bp o BjUp^, . . . ,pd-i,c,) C Cj*™^(i?SL(n, C)^^). 

The homomorphism p induces a p-equivariant map Sp : X ^ Y and 
Poo : docX dooY where X = G/K and Y = SL(n, C)/SU(n). Since S*pdbol 
is a G-invariant (i-form on X and the space of G-invariant differential d-forms 
on X is generated by the G-invariant Riemannian volume form dvolx , there 
is a constant Cp G M such that S*dbol = Cpdvolx- Noting that Sp maps 
geodesies to geodesies, we have 

Sp{str{xo,piXo, ...,pi- ■ -pd-ixo^ci)) 
= str{o, p{pi)d, p{pi) ■ ■ ■ p{pd-i)o, Poo{ci)) 

where xq, o are points in X and Y whose stabilizers are K and SU(n) 
respectively. For {gi,. . . ,gk-i,c) E QQcomp^ observe that the induced map 
Bp : BG'^'^P BSL{n, C)^°™p is defined by 

Bp{gi, . . . ,gk-i,c) = {p{gi), ■ ■ ■ , p{gk-i), Poo{c)). 
From the above observations, we have 



dbol = / {Spfdbol 

str(d,p{pi)o,...,p{pi)---p{pa-i)d,poc{ci)) J str{xo,piXo,...,pi---Pd-iXo,Ci) 

Cpdvolx 

str{xo,pixo,...,pi---pd-iXo,Ci) 

< oo. 

Furthermore, the above equation implies 

{Bp o Bj)*{cPa){Pi, ■■■,Pd~i,Ci) = CpCUd{pi, ■ ■ ■ ,Pd~i,Ci). 
Therefore, this implies the second statement. □ 
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7. Invariants in group homology and K-theory 

In this section, we construct 7(A^) € Kii{Q) (g) Q for a Q-rank 1 locally 
symmetric space N = T\G/K. 

Proposition 7.1. Let T C G(Q) be a Q-rank 1 lattice. Let N = r\G/K 
be the interior of the manifold with boundary M . Let p : G(Q) — ?• SL(n,Q) 
be a representation. Suppose that p{Ti) is unipotent for all i € {1, . . . ,s}. 
Then 

{Bp o B,),EM^^[M, dM] G Hf'P{BSL{nM))'^,Q) 
has a preimage 

7(iV)G/7^™P(BSL(n,Q),Q), 
where j : F — )> G(Q) is the natural inclusion map. 

Proof. The exact same argument in the proof of [2 1 , Proposition 1] works 
under the assumption that every p{Ti) is unipotent. For the detailed proof, 
see [21, Proposition 1]. □ 

Let ^ be a subring with unit of the ring of complex numbers. One can 
regard an element in i/^*™^(i?SL(A), Q) as an element in //*(|i?SL(A)|"^, Q) 
due to the canonical identifications 

Hf^P{BSL{A),Q) ^ H4\BSL{A)\,Q) ^ H,{\BSL{A)\+,Q). 

By the Milnor-Moore theorem, the Hurewicz homomorphism 

K,{A) = 7r,(|SGL(A)|+) ^ H,{\BGL{A)\ + ,Z) 

gives, after tensoring with Q, an injective homomorphism 

: K^A) Q = 7r,(|SGL(A)|+) ® Q ^ if,(|BGL(^)| + , Q). 

Its image consists of primitive elements, denoted by PH^{\BGh{A)\~^ ,Q). 
By Quillen, inclusion |i3GL(^)| C |i?GL(^)|"'" induces an isomorphism 

: PH4\BGL{A)\,Q) ^ PH4\BGL{A)\-^ ,Q) ^ K^A) (^Q. 

Once the projection 

pr^ : Hf"'P{BGL{A),Q) ^ PH ^"'PiB GL{ A), Q) ^ Pi/,(|SGL(A)|, Q) 

is fixed, we can define an element I^^ o o pr^{a) € K^{A) Q for each 
a G Hf'^P{BGL{A),Q). For h G K2m^i{A) (g) Q, define 

(&2m-l» = {C0mp{b2m-l), Q2m-1 ° ^2 m— 1 

In particular, when A = Q, note that by [21, Corollary 2] the projection pr^, 
can be chosen such that 

{comp{b2m~i),pr2m-i{a)) = {comp{b2m~i) , a) 

for all m G N. We refer the reader to [21, Section 2.5] for more details about 
this. 
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Theorem 7.2. Let G/K he a symmetric space of noncompact type with odd 
dimension d and N = V\G/K he a Q-rank 1 locally symmetric space. Let 
p : G ^ GL(ri, C) he a representation with p^bd 7^ 0. Suppose that p{Ti) is 
unipotent for all i € {1, . . . , s}. Then there is an element 

7(iV) G Q 

such that the application of the Borel class yields 

{bd,-f{N)) = CpYo\{N) 

for some constant Cp ^ 0. 

Proof. First, note that connected, semisimple Lie groups are perfect, hence 
each representation p : G ^ GL(n, C) has image in SL(n,C). In addi- 
tion, we can assume that p maps K to SU(n), which can be achieved upon 
conjugation. 

Once G is identified with G(M)'' via an isomorphism, by Weil's rigidity 
theorem, there is a g £ G such that gFg"^ C G(Q)'^. Moreover, it follows 
from the classification of irreducible representations of Lie groups [15] that 
each representation p : G(R)'^ GL(n, C) is isomorphic to a representation 
p' : G(M)° ^ GL(n,C) such tliat G(Q)° is mapped_to GL(n, Q) _Thus, 
we can assume that T C G(Q)'^ and p|q(q)o : G(Q)'^ — >■ SL(n,Q) is a 
representation for which every p{Ti) is unipotent. 

According to Proposition 7.1, we obtain j{N) € i?J*'"^(5SL(n, Q), Q). 
Let us denote by 7(7V) the image of 7(iV) in H'J"'P{BGL{n,Q),q). Now, 
we define 

7(iV) = /^-i o Qdoprai^iN)) G KdiQ) ® Q. 

Then, we have 

{bd,j{N)) = {comp{bd),prd{^{N))) 

= {comp{bd),^{N)) = {[comp{f3d)]MN)) 
= ((50*p,],7(iV)) = {m,iB^hl{N)) 
= {[cPd],iBpoB,),EM-'[M,dM]) 
= {[{Bpo B,Y^^lEM~\M,dM]) 
= {cpVd,EM-^[M,dM]) = CpYol{N), 

where Bi : BSL{n, C) — > BSL{n, C)^ is the natural inclusion map. There- 
fore, we complete the proof. □ 

Due to (6d,7(iV)) = CpVol(A^) 7^ 0, it can be checked that 7(A'") is a non- 
trivial element in Kd^Q) ® Q if p*bd 7^ 0. Kuessner [21, Theorem 3] charac- 
terizes a complete list of irreducible symmetric spaces G/K oi noncompact 
type and fundamental representation p : G ^ GL(n,C) with p*b2m-i 7^ 
for d = 2m— 1 = dim{G/K). In the noncompact case, he only gets invariants 
for hyperbolic manifolds since there exist no such fundamental representa- 
tions for the other M-rank 1 semisimple Lie groups. However, in the list. 
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there are a lot of fundamental representations for higher rank semisimple 
Lie groups. Theorem 7.2 enables us to get invariants for Q-rank 1 locally 
symmetric spaces, including hyperbolic manifolds, by using the fundamental 
representations in the list. 

8. Relation to classical Block group 

In [2fi], Neumann- Yang constructed an invariant of finite volume hyper- 
bolic 3-manifolds which lie in the Bloch group B{C). In this section, we give 
an invariant of a Q-rank 1 locally symmetric space, which coincides with the 
classical Bloch invariant of cusped hyperbolic 3-manifolds. 

Let X be a symmetric space of noncompact type and Ck{dooX) the free 
abelian group generated by {k + l)-tuples of points of dooX modulo the 
relations 

(1) (^0) • • • 5 ^fc) = •si5'n(r)(0^(o)i • • • i ^r(fe)) ^or any permutation r and 

(2) {6q, . . . ,6k) = whenever 6i = 6j for some i ^ j 

(3) d{9o, ...,ek) = E.to(-l)'(^o, ...,9i,...,9k) 
The generalized pre-Bloch group of X is 

V,{X) = H^CidooX) d ®ZG id) 

and the generalized pre-Bloch group of C as 

n"(C) = P.(SL(n,C)/SU(n)). 

Note that P3(i?|) = P|(C) is the classical pre-Bloch group V{C). 

Remark. One may wonder what happens if Conditon (1) is omitted. Let 
Ctf{dooX) be the chain complex analogously defined without condition (1) 
and TT : C*((9oo-'^) C^{dooX) the projection, then (because of condition 
(ii)) each element of CnidooX) has (n + 1)! preimages and we may define 
a right-inverse to the projection vr by sending each c G Cn{dooX) to the 
formal sum of its preimages divided by {n + 1)\. One checks that this de- 
fines a chain map. Thus one obtains an injection H^,{C^{dooX) ®ZG ^) ~^ 
H^{C^{dooX) ®ZG Therefore, each G-equivariant cocycle on C*((9oo^) 
also defines a G-equivariant cocycle on Ctf{dooX). (One may think of this 
new cocycle as taking the signed average of the evaluations of the old cocycle 
on the {n + 1)! simplices obtained by permuting the vertices.) In particu- 
lar, for M-rank one spaces, the algebraic volume algvol yields a well-defined 
cocycle on C*(9oo^) ®ZG ^- (This was not made explicit in [22].) 

If /9 : G — 7> SL(n, C) is a nontrivial (hence reductive) representation, then 
it induces a smooth map X = G/K — )■ SL(n, C)/SU(n) and its extension to 
the ideal boundary 

Poo : d^X ^ aoo(SL(n,C)/SU(n)). 

Using this one can define a generalized Bloch invariant of a Q-rank 1 locally 
symmetric space N = T\G/K as follows. Fix a point cq S dooX and define 
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: C*(5r^°'^P) ^ C^dooX) OzG Z on generators by 

evr,co,cr,...,cs{7i, - ■ ■ ,7k) = (co,7iCo,--- , 71 • • • TfcCo) (8) 1 
for 71, . . . ,7fc G r, and 

evr,co,ci,...,cs{Pi, ■ ■ ■ ,Pk-i,Ci) = (ccpico, ...pi- ..pk~ico,Ci) (g) 1 

for pi, . . . ,pk-i G Tj. It is straightforward to check that evr,co,ci,...,cs extends 
linearly to a chain map and thus, it induces a homomorphism 

(e^;r,co,c„...,cJ* : Hr'P{BT'"^P,Z) ^ V.{X). 
In addition, one can define a map 

Poo : aidooX) ®ZG Z ^ C.(aoo(SL(?l,C)/SU(n))) ®2;SL{n,C) ^ 

defined by 

Poo{{0o, . . . ,6lfc) (g) 1) = (/9oo(6'o),- • ■,Poo{Ok)) ^ 1- 

Hence, it yields a homomorphism 

To obtain an element of the generalized pre-Bloch group of C for a Q- 
rank 1 locally symmetric space A'^ = T\G/K, we need an integer homology 
class in H'/"'^ {BV^'^p , Z) . Note that EM;[^[M,dM] G H'J"'^ {BV^'^p , Q) 
is a rational homology class. However, it can be easily checked that we 
can obtain an integer homology class EM-^[M,dM]z G Hf"^^ {BV^'^p ,7.) 
from the relative fundamental class [M,dM]i G H'^{M,dM,'Z) with integer 
coefficients as follows. Given a relative fundamental cycle z with integer 
coefficients, c{z^) = + (— l)'^"'"^Coneg(92;'^) defined in the proof of Lemma 
6.3 is also a cycle with integer coefficients. For another relative fundamental 
cycle z with integer coefficients, there are chains w G Cd+iiMjIj) and y G 
Cd{dM, Z) with all vertices in xq and such that z^ — z^ = dw^ + y^. Then 

c(z°) - c(z°) = - + (-l)'^+i(Coneg(az°) - Coneg(9z°)) 
= + y° + {-lf+^Coneg{dy^) 
= dw° + y° + {-lf+\dConeg{y^) + (-l)V) 
= d{w° + (-l)'^+iConeg(?/°)) 

It is obvious that <^>{w^ + {-iy+^Coneg{y'^)) is a chain in C'J^p {BV^^'p , Z). 
Hence c{z^) determines a homology class in H^^"^P(BT'^'^p,Z) independent 
of the choice of relative fundamental cycle z, denoted by EM^^[M,dM]z- 

Definition 8.1. For a Q-rank 1 locally symmetric space N of dimension d, 
define an element t3p{N) in the generalized pre-Bloch group 7'^(C) by 

^p{N) := (poo)d o {evr,co,c,,...,cs)d o EM~^[M,dM]z. 
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Suppose that every p{Ti) is unipotent. Then the proof of Proposition 7.1 
works for {BpO Bj)^EM;[^[M,dM]z G i/J*'"^(5SL(n, Q)^, Z). Thus, it has 
a preimage ^{N)z € -ffJ*™'^(i?SL(n, Q), Z). In the case that is a M-rank 
1 locahy symmetric space, Kuessner [22] showed that 

where the evaluation map 

e^SL(n,c) : Cf"^^'(i?SL(n,C),Z) ^ C,(aoo(SL(n, C)/SU(n)) ®zsL(n,c) ^ 
is defined on generators by 

ev{gi,...,gk) = (cq, s-ico, • • • , 9i • • • 9fcCo) (g) 1. 

In the same way, this holds for Q-rank 1 locally symmetric spaces. Spe- 
cially it recovers the classical Bloch invariant of cusped hyperbolic 3-manifolds, 
For this reason we will call (3p{N) the generalized Bloch invariant for either 
a compact locally symmetric manifold or a finite volume Q-rank 1 locally 
symmetric space A^. 

One advantage of our approach is that one can define the Bloch invariant 
without the notion of degree one ideal triangulation. Neumann and Yang 
used the fact that cusped hyperbolic 3-manifolds admit a degree one ideal 
triangulation to define the classical Bloch invariant of cusped hyperbolic 3- 
manifolds. Since it is not known whether general locally symmetric spaces 
admit such a triangulation, it seems to be difficult to extend the definition of 
the classical Bloch invariant from hyperbolic 3-manifolds to general locally 
symmetric spaces in the same way that Neumann and Yang constructed 
it. However, we here use only the relative fundamental cycle [M,dM]z to 
define /3p{N) and moreover, this agrees with the classical Bloch invariant for 
cusped hyperbolic 3-manifolds [22]. Hence our approach makes it possible 
to generalize the Bloch invariant for cusped hyperbolic 3-manifolds without 
the existence of a degree one ideal triangulation. Furthermore, even if one 
defines an invariant by using a degree one ideal triangulation of N, the 
invariant should agree with f3p{N). (This is shown for M-rank 1 spaces 
in[22. Theorem 4.0.2].) 

9. Block group for convex projective manifolds 

Given a strictly convex real projective manifold A^, up to taking a double 
cover, there is a holonomy map 

p:-Ki{N) = r^SL(?i,M) 

where F acts on a strictly convex projective domain 0, equipped with a 
Hilbert metric. If ft is conic, then the image of p is in SO(n — 1, 1) and the 
manifold is a real hyperbolic manifold. 

Let's assume that dim (A^) = 3. For a given hyperbolic representation 
/9o : F SL(2,C) C SL(4,M) C SL(4,C), assume there is a deformation of 
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po to convex projective structures. The inclusion 

i : SL(2, C) = S0(3, 1) C SL(4, M) C SL(4, C) 

is not the standard one but by [21, Corollary 5] we have i*b3 ^ 0. 

There is a canonical invariant called Bloch invariant developed by Dupont- 
Sah and others. We want to generalize this notion to projective manifolds. 

When r acts on the strictly convex domain C M'^, in general Aut{Q) 
does not have a Lie group structure and we do not have a volume form 
naturally induced from the Lie group. On the other hands, Q has a Finsler 
metric, called Hilbert metric invariant under Aut{Q). with a Hilbert met- 
ric behaves like a hyperbolic space, hence one can define a straight simplex. 
Fix a base point x € fi. The volume class Vd € H'^{T,M.) is defined by the 
cocycle 

(1) J^dilo, ■■■,ld) = / dvoln, 

J str{fox,...,'yjx) 

where dvoln is a signed Finsler volume form on ^1, and str is a geodesic 
straightening. One can check that it is a cocycle since str{-fQX, . . . , ^dx) is 
a top dimensional simplex. We have the following lemma similar to Lemma 
4.1. 

Lemma 9.1. The volume of the ideal straight simplex str{xo, . . . ,Xd-i,c) 
is finite for any xq, . . . , Xd-i € 0, and c is a cuspidal point. 

Proof. This follows from the Proposition 11.2 of [10]. □ 

This lemma allows us to carry out the similar constructions as in previ- 
ous sections. Hence we can define a cocycle Ud S ^'^^^^{BT'^"'"^^) extending 

comp{vd)- Let Vd denote the element represented by Vd in ^simpi^^'^""^^^ 
By Lemma 6.2, i/d(5r™'"P, M) = Hd{M,dM,M.) = R where M is a com- 
pact manifold with boundary whose interior is homeomorphic to A^. It is 
known that for a cusped hyperbolic 3-manifold, there exists a degree one 
ideal triangulation. We can use the same ideal triangulation to obtain a 
triangulation of M by Hilbert metric ideal tetrahedra to obtain 

{vd,EMj^[M,dM]) = YolpinsleAN). 

For the Borel class 63 € i?^(GL(C), M), it is known that p*b3 ^ for any 
nontrivial representation p : SL(2, C) — t- GL(C). Then for any finite volume 
hyperbolic manifold = T\H^, the induced representation 

PO : r ^ GL(C) 

gives rise to a nontrivial Borel class p^b^ = Cp^Vpg by Lemma 6.4. Since a 
strictly convex projective structure p : F — > SL(4,]R) lies in the same com- 
ponent containing pQ in the character variety x(r) SL(4, C)), H{p)[M, dM] 
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is nontrivial, indeed equal to H{po)[M,dM] G H3{BGL{Cf Hence 
{b3,B{p)oEM-'^[M,dM]) = {bs, B{po) o EM^'^[M,dM]) 

= {p*ob3,EM-^[M,dM]) 

= CpgYolhypiM) = CpVolpinsleriM). 

Since H^,^p{BT'"^P,R) = i/rf(Sr™™f , M)* = M, p*b3 = CpVp. 

If Yl (^i^i is a proper ideal fundamental cycle (i.e. each simplex is a proper 
ideal straight simplex) of M, the sum of the cross-ratios 

/3(M) =Y,ai[cr{Ti)] € Vdin) := H3{a{dn)r) 

defines a generalized Neumann- Yang invariant. Note that if 17 is not conic, 
the cross-ratio is not a complex number as in H^. It is a question how to 
interpret this invariant in terms of a volume and the Chern-Simon invariant. 

10. Block invariant in SU(2, 1) and SL(3, C) 

10.1. Falbel-Wang invariant. Falbel constructed a discrete representa- 
tion 

p : TTi{S^ \ K) SU(2, 1) C SL(3, C) 

which is faithful and parabolic on the torus boundary where X is a figure 
8 knot. Falbel-Wang further constructed a Bloch invariant using this rep- 
resentation. In this section, we prove that their invariant can be computed 
from H (p) EM-^ [M, dM]. 

Following [1, Section 3.8] we identify the complex hyperbolic space 
with vr {V-) C CP^, where := {{x, y, z) ^ : xz + yy + zx < O} and it : 
C^ — CP^ is the canonical projection. The ideal boundary dooCH'^ ~ 
is then identified with vr (Vq), where Vq := {(x, y, z) ^ C"^ : xz + yy + zx = O} 

The following construction involves an identification of CP^ with the set 
of (affine) complex lines through a given point in CP^. There is some arbi- 
trariness in choosing such an identification, a specific choice is given in [14, 
Section 2.5] with a derived explicit formula in [14, Definition 2.24]. 

Definition 10.1. (Falbel-Wang construction, [M, Section 2.5]): 

a) Fix an identification dooH^ = and define a homomorphism 

FI^oi : Vs (Hi) ^ V3 (Hi) 
on generators {po,Pi,P2,P3) of V3 by 

FWoi {P0,P1,P2,P3) = {to,tl,t2,t3) , 

where we define Iq G CP^ = dooH^ to be the complex line through pQ 
tangent to 5^ C CP^ and for i = 1, 2, 3 we define U € CP^ = ^ooi?! to be 
the complex line in CP^ passing through pQ and pi. 

b) For a / 6 € {0, 1, 2, 3} there are unique k, I € {0, 1, 2, 3} such that the 
ordered set (a, 6, k, I) is an even permutation of (0, 1, 2, 3) and we define 

FWab ■■ V3 {Hi) ^ {Hi) 
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on generators {po,Pi,P2,P3) of V3 [H'Q by 

FWab {P0,Pl,P2,P3) = FWoi {Pa,Pb,Pk,Pl) ■ 

We will occasionally consider the FWab as maps which send (SU(2, 1)- 
orbits of) ideal simplices in to (S0(3, l)-orbits of) ideal simplices in 

If M is a hyperbolic 3-manifold and p : vriM SU(2, 1) is a reductive 
representation (that means p{7riM) C SU(2, 1) is a reductive subgroup), 
then by [11] (see also [24]) we obtain a /9-equivariant developing map D : 
= M — )■ and a continuous boundary map dooD : dooH^ dooH^. 
In particular, if T is an ideal simplex in M (that is a vriM-orbit of some ideal 
simplex T with vertices fo, "^2, "^3 ^ dooH^), then we can define D (T) to 
be the vriM-orbit of the ideal simplex in H^, whose vertices are dooD (ci) 
for i = 0, 1,2,3. 

Let (H^) C Vs {H^) be the subgroup generated by 4-tuples {zq, 21,^2,-^3) 
of pairwise distinct points. (By definition, simplices in an ideal triangulation 
are nondegenerate and thus give elements in V^"^ (ff^).) 

Recall that the cross ratio 

is well defined and yields an isomor phism between V^'^ (i?|) and V (C). We 
will use the abbreviation 

FW := FWoi + FWio + FW23 + FW32 ■ V3 (^c) ^ ^3 (^r) • 

Definition 10.2. (Falbel-Wang invariant): Let M = U[^^Tj be an ideal 
triangulation of a hyperbolic 3-manifold and p : ttiM — )• SU(2, 1) a reductive 
representation, then the invariant Pfw (M) G B (C) C V (C) is defined by 

r 

(3fw (M) := ^ X {FW {cr {D (T^)))) . 

i=l 

(It is proved in [14, Theorem 1.1] that /3fw (M) lies in B{C) and does 
not depend on the ideal triangulation. The latter fact will also follow from 
our Lemma 10.3.) 

Lemma 10.3. Let M be a finite-volume hyperbolic 3-manifold, p : ttiM — > 
SU(2, 1) a reductive representation which maps the peripheral subgroups to 
unipotent subgroups. Then 

I3p^ (M) = X [FW {H (ev) {H (p) {EM~^ [M, dM])))) . 

Proof. Let xq S M, cq S dooM = dooH^ and bo := dooD (cq) G dooH^- 
Lemma 3.3.4 in [22] constructs a chain map C : Ct (M) — )• Cl (M) . 

Let G = SU(2,1), K = S(U(2) x U(l)), T = vriM, Ti = nidiM for the 
path components diM of dM, Ci the cusps associated to Lj. We use the 
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dooD 



cr'^° (M) 



Cf ''''' (M) 



str 



a(Mu{rci,...,rc,}) 



(M, aM) ^ C7, (Dcone (uf^^aiM ^ M)) 

whose derivation (except for the first square) is explained in the proof of 
[22, Theorem 4.0.2]. In the first square we have 

evco {gi,...,gn) = (cq, gico, ...,gi... gnCo) ® 1 

for (51, ...,gn) e BG and 

evco (Concci {gi,.. ■,gn-i)) = (ccfi'ico, • • • ,51 • • • fi-n-ico, q) (g) 1, 

similarly for evcg- 

The diagram shows that 



H{evk,){H (p) {EM-^[M,dM])) 



docD (cr ( C {str {z + Cone (dz))) 



is represented by 



whenever z E (M, (9M) is a relative fundamental cycle. 

If z € Z^, (M, 9M) is a relative fundamental cycle, then str {z + Cone {dz)) G 
^str,xo j'j^-j ideal fundamental cycle in the sense of [22, Definition 3.1.4]. 
By [22, Lemma 3.3.4] this implies that C {str (z + Cone (dz))) is an ideal 
fundamental cycle. 

On the other hand, let M = U^^j^Tj be an ideal triangulation. Let 
Po^P\jP2^P3 ^ dooM = dooH^ he the ideal vertices of Tj. Then 
FW {d^D (p^)) , FW {dooD {p\)) , FW {dooD {pi)) , FW {d^oD {p\)) are the 
ideal vertices of FW {D {Ti)). By definition we have 



Pfw (M) = ^ 4X {FWm {D (T,))) . 
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We have proved in the proof of [22, Lemma 3.4.1] that the homology classes 

of cr (^C {str {z + Cone (dz)))^ and of X] cr (Ti) are the same in ^C* (j^oqM 

Thus there is some w ^ C^, (^ooM^ with 

r 

dw = cr {C {str {z + Cone {dz)))^ -^cr{Ti). 

i=l 

dooD is a chain map by construction. By [14, Lemma 3.2] (following [13, 
Theorem 5.2]), we have that X {FW {dd {docHl)^)) C Z [C - {0, 1}] is in 
the subgroup generated by the 5-term relations, that is X {FW {du)) = 06 
B (C) for all u G C4 {dooH^^^. Hence we obtain 

r 

X (^FW (dooD (cr {C {str {z + Cone (92))))))) X {FW {d^oD {cr {Ti)))) 

1=1 

= X {dFW {dooD {w))) = 0. 
Hence the cycle "^l^i X {FW {dooF> {cr {Ti)))) represents the homology class 
X {FW {H{evbo) [h{p) {EM"^ [M,dM])))). Because of dooD {cr {Ti)) = 
cr {D {Ti)) this implies the claim. □ 

For Corollary 10.4 and Corollary 10.8 we will consider the situation that a 
3-manifold M"^ is obtained from another 3-manifold M by cutting along some 
TTi-injective surface S C M and regluing via r : S — )• S. If in this situation 
for a representation p : ttiM ^ G we have some A ^ G with p{Tth) = 
Ap{h)A~^ for all h G ttiS, then we get an induced representation p'^ : 
vTiM"^ — 7> G by a standard application of the Seifert-van Kampen Theorem 
as in [2-), Section 2]. This representation p'^ will be used in the statements 
of Corollary 10.4 and Corollary 10.8. We say that the representation is 
parabolics-preserving if it sends ttiOM to parabolic elements. (It is easy to 
see from the explicit description in the proof of [23, Proposition 3.1] that p'^ 
is reductive and parabolics-preserving if p is.) 

Corollary 10.4. Let M be a compact, orientahle 3-manifold, S C M 
a properly embedded, incompressible, boundary-incompressible, 2-sided sur- 
face, T : T, ^ T, an orientation-preserving diffeomorphism of finite order 
and M'^ the manifold obtained by cutting M along S and regluing via r. 

// M and M'^ are hyperbolic and if the reductive, parabolics-preserving 
representation p : vriM — ?> SU(2, 1) satisfies p{T^a) = Ap{a)A~^ for some 
A € SU(2, 1) and all a G vriS, then 

I3fw (M) O 1 = I3fw (M^) ^ 1 £ B{C) ^ Q 

with respect to the representations p and p^ . 

Proof. The proof is essentially the same as the one of Corollary 10.8 below, 
which in turn is essentially the same as that for [23, Theorem 1]. Therefore 
we omit the proof at this point and just mention that literally the same 
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argument (just replacing SL(3,C) by SU(2, 1)) as given below in the proof 
of Corollary 10.8 shows that 

H (p) (^EM'^ [M, dM]^) = H {p-) {eM~^ [M\ OM^]^ 
and in view of Lemma 10.3 this implies /3fvk {^) "X" 1 = Pfw {M'^) (g) 1. □ 
10.2. Tetrahedra of flags. 
Definition 10.5. ([1, Section 2]): Let 

n{C) = {{[x],[f])eP{C^)xP{C^*):f{x) = 0} 
where P{V) denotes the projectivization of V. For 

T = {{[xo] , m , {[xi] , m , (N , m , (n , [/3])) e c, (n (c)) 

and a 7^ 6 € {0, 1, 2, 3} we define Zab G C as follows: choose A;, / € {0, 1, 2, 3} 
such that (a, b, k, I) is a positive permutation of (0, 1, 2, 3) and let 

^ ._ fa {Xk)det {Xa,Xb,Xl) 
fa{xi)det{Xa,Xb,Xk)' 

Then define 

f3 : C3 in) ^ V (C) 

by 

/3 (T) := [zoi] + [210] + [Z23] + [Z32] ■ 

Let H3 {Fl) := (C* {TI)q) for the canonical action of G := SL(3,C) 
on Tl. Then [L, Proposition 3.3] implies that (3 yields a well-defined map 

Moreover, if M = r\iJ| is a hyperbolic 3-manifold and h : CP^ J-l a 
map equivariant with respect to some homomorphism T — > SL(3,C), then 
one obtains a well-defined chain map /i* : C* [CP^)^^ — )■ C* (-7^0sL(3 c)- 

The following definition is due to Bergeron- Falbel-Guilloux ([I]). 

Definition 10.6. If M = U^^^^Tj is an ideal triangulation of a hyperbolic 
3-manifold, p : vriM — )• SL(3, C) a representation and 

h:CP^ ^ Fl (C) 

a p-equivariant map, then define 

r 

{M):=Y, /5* {K {P^, PI PI PI)) er{C), 
1=1 

where Pq,PI, -P^; -^3 the vertices of Tj. 

We remark (compare [7, Proposition 10.79]) that Fl corresponds to the set 
SL(3,C)/P of Weyl chambers in 9oo(SL(3, C)/SU(3)) where P is a minimal 
parabolic subgroup. If p : ttiM — )■ SL(3,C) is a reductive representation, 
then there exists a p-equivariant harmonic map = M ^ SL(3, C)/SU(3) 
(see [11], [24]). But it is not easy to prove the existence of a /o-equivariant 
boundary map CP^ (9oo(SL(3, C)/SU(3)). It should be easier to show 
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the existence of the boundary map h : CP^ — ?> SL(3,C)/P = J-l instead. 
We will not deal with that issue here, in this paper, we always assume the 
existence of such a map. 

Relation to hyperbolic Bloch invariant, [I, Section 3.7]. If M is an 

orientable hyperbolic manifold, then by Culler's Theorem its monodromy 
representation T PSL(2,C) lifts to SL(2,C). Composition with the 
(unique) irreducible representation SL(2, C) — )■ SL(3, C) yields representa- 
tions p :T ^ SL(3,C). In this case there is a canonically (independent of 
r) defined /o-equivariant map CP^ J-l as follows. 

Recall that the irreducible 3-dimensional representation of SL(2, C) can 
be defined as follows. Consider the C-vector space of complex homogeneous 
polynomials of degree 2 in two variables. This is a 3-dimensional vector space 
V generated by x^^xy and y"^. SL(2,C) acts by {AP){x,y) := P{A~^{x,y)). 
We may consider its projectivization PiV) and the projectivization of the 
dual space PiV*), whose elements we will write as homogeneous column 
vectors. Then a /O-equivariant map h : CP^ J-l C P{V) x P(V*) is given 
by 

T 



1 2 1 2 

-y ,-xy,-x 



)• 



([1] gives an apparently different construction which however - after com- 
putation - yields the same map h.) It turns out that the so-defined l3h{M) 
coincides with 4 times the usual Bloch invariant /3(M) of the hyperbolic 
3-manifold M. Indeed, if T = (Pq, Pi, P2, P3) € CsiCP^) is an ideal 
simplex of cross ratio t, then explicit computation shows that the sim- 
plex h{T) = {h{Po),h{Pi),h{P2),h{P3)) € C^iJ^l) satisfies zoi{h{T)) = 
zwiHT)) = Z2z{h{T)) = zMT)) = t. 

Relation to CR Bloch invariant, [1, Section 3.8]. If D is the de- 
veloping map of a reductive representation vriM — > SU(2, 1) and h is the 
composition of dooD with the map 5^ — )• Tl{C) given in [1, Section 3.8], 
then j5h {M) coincides with Ppw (M). 

Lemma 10.7. Let M he a finite-volume hyperbolic 3-manifold, and h : 
CP^ — > J-l (C) equivariant with respect to some homomorphism vriM — > 
SL(3,C). Then 

Ph (M) = P^KH {ev) EM~^ [M, dM] . 

Proof. Let Co € dooH^. The commutative diagram in the proof of Lemma 10.3 

shows that H (evca) EM~^ [M, dM] is represented by cr {str {z + Cone {dz))) 

whenever z G (M, dM^ is a relative fundamental cycle. 

In the proof of Lemma 10.3 we have seen that the homology classes of 

cr (^C {str {z -\- Cone {dz)))^ and of Yl\=i ^"^ O^i) same in ^C* ^5ooM^ 
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whenever M = U[^^Tj is an ideal triangulation. Thus there is some w G 
C* {dooM^^ with 

r 

dw = cr ^(7 {sir {z + Cone — cr (Tj) . 

i=l 

/i* is a chain map by construction. Moreover, by [1, Proposition 3.3] (fol- 
lowing from [io, Theorem 5.2]) we have that (3 maps boundaries to zero, 
thus (3 {dhtf (w)) = 0, which implies 

r 

(cr ((7 (sir (z + Cone {cr (Ti))) = ^ {OK H) = 0. 

1=1 

Thus the cycle Yll=i P i^''' (^i))) represents the homology class 

(3^KH (evco) ENr^ [M, dM] , 
which implies the claim. 

□ 

For the following corollary we will use the notations introduced before 
in Corollary 10.4. The following corollary applies for example when M'^ is 
a (generalized) mutation of M and p : vriM — >■ SL(3, C) is the composi- 
tion of the inclusion ttiM C SL(2,C) with some representation SL(2,C) — > 
SL(3, C). In this case is obtained from the composition of the inclu- 
sion ■KiM'^ C SL(2,C) (see [23, Section 2]) with the same representation 
SL(2, C) ^ SL(3, C) and we have h = h'' . 

Corollary 10.8. Let M he a compact, orientable 3-manifold, S C M a 
properly embedded, incompressible, boundary-incompressible, 2-sided sur- 
face, T : T, T, an orientation-preserving diffeomorphism of finite order 
and M'^ the manifold obtained by cutting M along S and regluing via r. 

If M and M'^ are hyperbolic and if the parabolics-preserving representation 
p : -KiM — )■ SL(3,C) satisfies p{T^a) = Ap{a)A^^ for some A € SL(3,C) 
and all a € vriS, then 

Ph (M) 1 = /3hr (M") 1 G ^(C) (g) Q 

when h and /i"^ are p- resp. p'^ -equivariant maps from dooH^ to J- 1. 

Proof. The proof is essentially the same as for [23, Theorem 1]. Since S is 
a 2-sided, properly embedded surface, it has a neighborhood ~ S x [0, 1] 
in M, and a neighborhood N'^ ~ S x [0, 1] in M"^. The complements M — 
int {N) and M'^ — int {N'^) are diffeomorphic and we let X be the union of 
M and AT along this identification of M - int (N) and - int (iV^). The 
union of N and N'^ yields a copy of the mapping torus T'^ in X. We have 

(2) iM* [M, dM] - iM-* [M\dM^] = irr^ [T\dT^] G i73(X, dX, Z). 

The made assumption implies that p and p'^ extend to a representation 
px : TTiX SL(3,C). 
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As in the proof of [23, Theorem 1] we have a finite cyclic covering X ^ X 
such that X contains a copy of S x S"^ finitely covering C X. Let 
M,M'^ C X be the preimages of M and M'^ . Application of the transfer 
map yields 



(3) 



"M* 



M,dM 



M^,dM^] =isxsi* [S X S\d^ X S^] . 



Again as in the proof of [23, Theorem 1] we obtain a representation : 
TTiX — > SL(3,C) and - because the lift X is chosen such that pj^ (^iridX 
consists of parabolics - a continuous map 

comp 



Bp^ : [B^iX 
The classifying map ^ ^ : X 



SSL(3,C)'=°'^P. 
BttiX\ extends to 



: Dcone X 



BniX 



comp 



and the same argument as in [23] shows that (|-B/Ojj|^^^sxSi)* Actors over 
ifa (S, = and is therefore 0. Thus Equation 3 implies 



M,dM 



G i/3(|^SL(3,C) 



M^,dM'' 



comp I 



Again following the same argument from [23] we conclude 

H (p) [em-' [M, dM]^) = H (p^ [EAr' [M^ SM^q) . 

The /9-equivariance of h implies that h o evs^2,c) — 6^SL(3,c) ° Pi lience 
h^,H (ev) = H (ev) H (p) and thus 

(3h (M) 1 = P^KH (ev) EM-' [M, dM]^ 

= P,H{ev)H{p) [eM^^ [M,dM]^ 

= (3,H{ev)H (p^) [eM~' [M\dM^]^ 

= P^KH (ev) EM-' [M^, dM^j^ 
= (3h (M") ® 1 

in view of Lemma 10.7. □ 
The so-called Bloch regulator map 

p : B{C) C/Q 

is known to send the Bloch invariant /3(M) of hyperbolic 3- manifolds to 
2^(Vol(M) + iCS(M)) mod Q, as was proved in [2G, Theorem 1.3]. In 
other words, the imaginary part of p{f3{M)) determines the volume (and 
the real part determines the Chern-Simons invariant mod Q). Thus it is 
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natural to define the volume of flag structures as (a multiple of) the imagi- 
nary part of p{(3h{A-I)). Bergeron- Falbel-Guilloux in fact define in [1, Section 
3.6] the volume of a flag structure to be ^^Im{p{(3h{M)). The analogously 
defined volume of CR structures is always zero by [14, Theorem 3.12] but the 
volume of flag structures is a nontrivial and potentially interesting invari- 
ant. Corollary 10.4 of course implies its invariance under the cut-and-paste 
operation described in the statement of the corollary. 
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